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Abstract
Let S be a finite p-group. We say that an abelian subgroup A of S is a large abelian subgroup of S
if |A| |A∗| for every abelian subgroup A∗ of S. We say that a subgroup Q of S is a centrally large
subgroup, or CL-subgroup, of S if |Q| · |Z(Q)| |Q∗| · |Z(Q∗)| for every subgroup Q∗ of S. The
study of large abelian subgroups and variations on them began in 1964 with Thompson’s second nor-
mal p-complement theorem [J.G. Thompson, Normal p-complements for finite groups, J. Algebra
1 (1964) 43–46]. Centrally large subgroups possess some similar properties. In 1989, A. Chermak
and A. Delgado [A. Chermak, A. Delgado, A measuring argument for finite groups, Proc. Amer.
Math. Soc. 107 (1989) 907–914] studied several families of subgroups that include centrally large
subgroups as a special case. In this paper, we extend their work to prove some further properties of
centrally large subgroups. The proof uses an analogue for finite p-groups of an application of Borel’s
Fixed Point Theorem for algebraic groups.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction and notation
In [3], A. Chermak and A. Delgado generalized the concept of a counting argument for
finite groups to a “measuring argument” for a finite group G acting on a finite group H .
They used the latter concept to obtain some remarkably beautiful results and powerful
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G. Glauberman / Journal of Algebra 300 (2006) 480–508 481applications. In this paper, we extend their work to obtain some further results and some
applications to the Thompson subgroup J (S) of a finite p-group S. In particular, we obtain
some sufficient conditions for proving that J (S) < S. Although we assume in this paper
that S is a finite p-group, many of the results of Sections 1–4 remain valid for arbitrary
finite groups.
Suppose S is a finite p-group. We say that an abelian subgroup A of S is a large abelian
subgroup of S if |A| |A∗| for every abelian subgroup A∗ of S. We say that a subgroup Q
of S is a centrally large subgroup, or CL-subgroup, of S if |Q| · |Z(Q)| |Q∗| · |Z(Q∗)|
for every subgroup Q∗ of S. (We thank Jonathan Alperin for suggesting the last two terms.)
The study of large abelian subgroups and variations on them began in 1964 with Thomp-
son’s second normal p-complement theorem [14]. In [3], Chermak and Delgado showed
(see our Theorem 2.1) that for all CL-subgroups Q, R of S,
QR = RQ and QR is a CL-subgroup of S.
Therefore, S contains a unique maximal CL-subgroup (the subgroup SCL defined below).
In Theorem 3.1, we show that, in addition,
QA = AQ and QA is a CL-subgroup of S,
for every CL-subgroup Q of S and large abelian subgroup A of S. Hence, SCL  J (S)
(Corollary 3.2). This gives a way (Corollary 3.3) to show in some cases that S > J(S) with
very little computation.
In Section 4, we investigate the minimal CL-subgroups of S. Somewhat surprisingly,
they all have the same derived subgroup, which is, therefore, a characteristic subgroup
of S (Corollary 4.2). In some situations involved in “pushing-up,” where S is a Sylow p-
subgroup of a finite group G, this derived subgroup is normal in G (Remark 4.9; we plan
to extend this result in a later article).
By using strong theorems of N. Itô and J.G. Thompson and a new result, we show
(Theorem 5.7 and Corollary 6.10) that there exists a minimal CL-subgroup of S that is
normalized by J (S), by all the minimal CL-subgroups of S, and by every normal subgroup
of S of nilpotence class at most p − 1.
The new result mentioned in the paragraph above is Theorem 6.8. It concerns the fol-
lowing situation:
Hypothesis 6.7.
(i) S is a finite p-group,
(ii) Q is a subgroup of S of nilpotence class at most p − 1,
(iii) g is an element of S that normalizes Q,
(iv) α is the automorphism of Q induced by conjugation by g,
(v) for Q considered as a Lie ring,
(α − 1)p(Q) = 0 and[
(α − 1)i(Q), (α − 1)j (Q)]= 0 for all natural numbers i, j such that i + j  p.
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a Lie ring, so that α − 1 is a well defined endomorphism of its additive group.
Theorem 6.8 states, roughly, that in this situation, there exists a mapping that takes each
subgroup T of Q to a subgroup T ∗ of Q that is very similar to T and is normalized by g.
Moreover, if T is maximal under a certain partial ordering of subgroups of Q, then g must
normalize T .
This result is based on some results from [4] that appear as Theorems 6.3 and 6.4 of this
paper. As explained in the introduction of [4], these results are analogues of applications
of Borel’s Fixed Point Theorem for algebraic groups. Likewise, Theorem 6.8 is also such
an analogue.
We require the following notation for a finite p-group S. Let
d(S) = max{|A| | A S and A is abelian},
f (S) = max{|R| · ∣∣Z(R)∣∣ | R  S},
f1(S) = max
{|R| · ∣∣CS(R)∣∣ | R  S},
A (S) = {A S | A is abelian and |A| = d(S)},
F (S) = {R  S | |R| · ∣∣Z(R)∣∣= f (S)},
F1(S) =
{
R  S | |R| · ∣∣CS(R)∣∣= f1(S)},
J (S) = 〈A (S)〉,
SCL =
〈
F (S)
〉
,
S′ = [S,S].
Thus, the elements of A (S) are the large abelian subgroups of S and the elements of F (S)
are the centrally large subgroups of S. As in [6], J (S) is called the Thompson subgroup
of S.
A CL-subgroup of S that is minimal under inclusion in F (S) is called a minimal CL-
subgroup of S. We show later (Proposition 2.4) that f (S) = f1(S) and F (S) is a subset
of F1(S).
All groups in this paper are finite. In addition, throughout this paper, p denotes a fixed
but arbitrary prime, and S denotes a fixed but arbitrary finite p-group.
2. Some basic results
We start with some basic results relating the elements of F (S), F1(S), and A (S). The
first two are very special cases of results of Chermak and Delgado. However, we give the
proofs because they are beautiful and short.
Theorem 2.1. [3, Lemma 1.1] Suppose Q,R ∈F1(S). Then
(a) QR = RQ and QR,Q∩R ∈F1(S), and
(b) CS(Q∩R) = CS(Q)CS(R).
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given by
|QR| = |Q||R|/|Q∩R|.
Then
|Q|∣∣CS(Q)∣∣= f1(S) |T |∣∣CS(T )∣∣ |QR|∣∣CS(T )∣∣
= |Q||R|∣∣CS(Q)∩CS(R)∣∣/|Q∩R|. (2.1)
Therefore,
∣∣CS(Q)∣∣/∣∣CS(Q)∩CS(R)∣∣ |R|/|Q∩R|. (2.2)
Clearly, |CS(Q∩R)| |CS(Q)CS(R)|. So, by (2.2),
∣∣CS(Q∩R)∣∣ ∣∣CS(Q)CS(R)∣∣= ∣∣CS(Q)∣∣∣∣CS(R)∣∣/∣∣CS(Q)∩CS(R)∣∣
 |R|∣∣CS(R)∣∣/|Q∩R|. (2.3)
But then
f1(S) |Q∩R|
∣∣CS(Q∩R)∣∣ |R|∣∣CS(R)∣∣= f1(S).
Therefore, f1(S) = |Q ∩ R||CS(Q ∩ R)|, whence Q ∩ R ∈ F1(S). It follows that all the
inequalities in (2.3) are equalities, and similarly for (2.2) and (2.1). Consequently, T =
QR, and (a) and (b) hold. 
Corollary 2.2. The set F1(S) has a unique largest element and a unique smallest element
(under inclusion).
The next result follows from Lemmas 3.1 and 3.2 of [3] and their proofs.
Proposition 2.3. Suppose Q ∈F1(S). Then
CS(Q) ∈F1(S) and Q = CS
(
CS(Q)
)
.
Proof. Let R = CS(Q) and T = CS(R). Then Q T and
f1(S) = |Q||R| |T ||R| =
∣∣CS(R)∣∣|R| f1(S),
which gives the result. 
Recall that we defined SCL to be 〈F (S)〉.
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(a) f1(S) = f (S),
(b) F (S) is a subset of F1(S),
(c) for Q ∈ F1(S), Q is a CL-subgroup of S (i.e., Q ∈ F (S)) if and only if Q CS(Q),
and
(d) SCL is the unique largest element of F (S) and the unique largest element of F1(S)
(under inclusion).
Proof. By Corollary 2.2, F1(S) possesses a unique largest element, say, R. Then
CS(R)R by Proposition 2.3. Clearly, CS(R) = Z(R). So
f (S) |R|∣∣Z(R)∣∣= |R|∣∣CS(R)∣∣= f1(S).
On the other hand, for each subgroup Q in F (S),
f (S) = |Q|∣∣Z(Q)∣∣ |Q|∣∣CS(Q)∣∣ f1(S).
This gives (a), (b), and (c). By (c), R ∈F (S). Hence, R = SCL, and (d) follows. 
Proposition 2.5. Let Q ∈F1(S). Then QCS(Q) is a CL-subgroup of S and Q∩CS(Q) =
Z(CS(Q)) = Z(Q).
Proof. Let C = CS(Q). Clearly,
Z(Q) = Q∩C  Z(CS(Q)).
By Proposition 2.3, Q = CS(CS(Q)). Hence, Z(CS(Q))Q∩C = Z(Q), and we obtain
equality.
Let Q∗ = QC. Then CS(Q∗) = Z(Q) = Q ∩ C  Q∗. Since Q ∈ F1(S), Proposi-
tion 2.3 and Theorem 2.1 give C,Q∗ ∈ F1(S). By Proposition 2.4, Q∗ is a CL-subgroup
of S. 
Corollary 2.6. If Q is a CL-subgroup of S, then CS(Q) = Z(Q).
Proof. Use (b) and (c) of Proposition 2.4. 
Example 2.7. Suppose S is abelian. It is easy to see that F1(S) = F (S) = {S} and S is
the only CL-subgroup of S.
Example 2.8. Let n be a positive integer, p be a prime, and S be an extra-special group
of order p2n+1. Then the commutation mapping from S/S′ × S/S′ into S′ induces a non-
singular alternating form on S/S′ as a vector space over Fp [8, Satz III. 13.7]. By using
standard properties of alternating forms, it is easy to see that
• d(S) = pn+1, f (S) = p2n+2,
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• F (S) consists of all subgroups of S containing an element of A (S).
In particular, the large abelian subgroups of S are the minimal CL-subgroups of S, and
SCL = S (which also follows from Theorem 3.1(a) and Corollary 3.2 in the next section,
since J (S) = S).
Lemma 2.9. Suppose that, for every normal abelian subgroup A of S that properly con-
tains Z(S),
|A|∣∣CS(A)∣∣< |S|∣∣Z(S)∣∣.
Then S is a minimal CL-subgroup of itself.
Proof. By way of contradiction, assume that S possesses a proper subgroup T that is a
CL-subgroup of S. Let
T ∗ = 〈T S 〉= 〈T g | g in S〉 and A = Z(T ∗).
Then T ∗S and T ∗ < S. Hence, AS. By Theorem 2.1, Proposition 2.4, and an induction
argument, T ∗ is a CL-subgroup of S. Therefore,
A = CS
(
T ∗
)
 Z(S), T ∗ = CS
(
CS
(
T ∗
))= CS(A),
and
|A|∣∣CS(A)∣∣= |A|∣∣T ∗∣∣= f (T ∗) f (S) = ∣∣Z(S)∣∣|S|.
Since A  Z(S) and CS(A) = T ∗ < S, we have A > Z(S). Hence, by hypothesis,
|A||CS(A)| < |Z(S)||S|, a contradiction. 
Example 2.10. Let p be an odd prime. We give an example (suggested by C. Scoppola)
in which S has nilpotence class p and S is the only CL-subgroup of itself (and hence is a
minimal CL-subgroup of itself). Here S = N /Np+3, where N is the Nottingham group
for the finite field Fp and
{Nn | n is a positive integer}
is a descending series of normal subgroups of N , as described in an article of R. Cam-
ina [2].
In particular [2, pp. 207–211],
N1 =N and |Ni/Ni+1| = p for every positive integer i; (2.4)
[Nr ,Ns] =
{
Nr+s , if r ≡ s mod p, (2.5)
Nr+s+1, if r ≡ s mod p;
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〈
gN
〉=
{ 〈g,Nn+1〉 =Nn, if n ≡ 1 mod p,
〈g,Nn+2〉, if n ≡ 1 mod p. (2.6)
Let Si = Ni/Np+3, for i = 1,2, . . . , p + 3. Then we obtain a descending series of
normal subgroups of S,
S = S1 > S2 > · · · > Sp+3 = 1.
By (2.4) and (2.5),
|Si/Si+1| = p, for i = 1,2, . . . , p + 2, (2.7)
and, for 1 i  j  p + 2,
[Si, Sj ] =
⎧⎨
⎩
S2i+1, if i = j  (p + 1)/2,
1, if j = p + 1 or i + j  p + 3,
Si+j , otherwise,
(2.8)
and
the only normal subgroups of S that contain Sp+1 are
S4, S5, . . . , Sp+1 and the subgroups of S that contain S3. (2.9)
Consequently, |Si | = pp+3−i for i = 1,2, . . . , p + 3, and
the lower central series of S is given by
S = S1 > S3 > S4 > · · · > Sp+1 > Sp+3 = 1. (2.10)
By (2.7) and (2.10), S/Sp+1 is a p-group of order pp and nilpotence class p − 1,
and thus of maximal class. It is similar to examples of Shepherd [13] and of Kovács and
Leedham-Green [11]. Hence,
Z(S/Sp+1) = Sp/Sp+1 and Z(S) = Sp+1. (2.11)
Let r = (p+3)/2. By (2.8), (2.9), and (2.11), it is easy to see that Sr , Sr+1, . . . , Sp+1 are
the only normal abelian subgroups of S that contain Z(S), and that, for i = r, r + 1, . . . , p,
CS(Si) = Sp+3−i and |Si |
∣∣CS(Si)∣∣= pp+3−ipi = pp+3.
However, by (2.11),
∣∣Z(S)∣∣|S| = p2|S| = pp+4.
By Lemma 2.9, S is a minimal CL-subgroup of itself.
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There is a close connection between CL-subgroups and large abelian subgroups. In
particular, every CL-subgroup contains a large abelian subgroup, by a variation of the
proof of Theorem 2.1, as we now show:
Theorem 3.1. Suppose Q is a CL-subgroup of S and A is a large abelian subgroup of S.
Then
(a) (Q∩A)Z(Q) is a large abelian subgroup of S contained in Q,
(b) QA = AQ,
(c) QA is a CL-subgroup of S, and
(d) CQA(Q∩A) = Z(Q)A.
Proof. Let
R = 〈Q,A〉, k = |A : A∩Q|, z = ∣∣Z(Q)∣∣, and z′ = ∣∣Z(Q)∩A∣∣.
Then CS(Q) = Z(Q) by Corollary 2.6 and CS(A) = A. So
CS(R) = Z(R) = Z(Q)∩A.
Since (A∩Q)Z(Q) is abelian,
k|A∩Q| = |A| ∣∣(A∩Q)Z(Q)∣∣
= |A∩Q|∣∣Z(Q)∣∣/∣∣Z(Q)∩A∣∣= |A∩Q|z/z′. (3.1)
Hence, kz′  z.
Now
f (S) |R|∣∣Z(R)∣∣= |R : Q||Q|z′  |A : A∩Q||Q|z′
= |Q|kz′  |Q|z = f (S). (3.2)
Therefore, we obtain equality everywhere in (3.1) and (3.2). In particular,
|A| = ∣∣(A∩Q)Z(Q)∣∣, f (S) = |R|∣∣Z(R)∣∣, and |R : Q| = |A : A∩Q|.
This gives (a)–(c).
Let C = CQA(Q∩A). Then C = C ∩QA = (C ∩Q)A. By (a),
C ∩Q = CQ(Q∩A) = CQ
(
(Q∩A)Z(Q))= (Q∩A)Z(Q) = Z(Q)(Q∩A).
Hence, C = (C ∩Q)A = Z(Q)A, which gives (d). 
Part (c) immediately yields the next result.
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Corollary 3.3. Suppose S possesses a subgroup R such that
|R|/∣∣Z(S)∣∣> ∣∣S : CS(R)∣∣.
Then S > SCL  J (S).
Proof. Here,
|S|∣∣Z(S)∣∣< |R|∣∣CS(R)∣∣ f1(S) = f (S).
Therefore, S is not a CL-subgroup of itself. 
Remark 3.4. Corollary 3.3 may be applied in particular for R = Z2(S) if
∣∣Z2(S)/Z(S)∣∣> ∣∣S/CS(Z2(R))∣∣.
We give a family of examples.
Suppose p  5 and n is an integer such that n  4. Let L be the relatively free Lie
algebra of nilpotence class 3 over the prime field Fp with n generators x1, . . . , xn. Let L2 =
[L,L] and L3 = [L2,L]. It is easy to see that L2/L3 has a basis consisting of the images
of the products [xi, xj ], for 1 i < j  n, and that L3 = Z(L), L2/L3 = Z(L/L3), and
L2 =
{
x ∈ L | [L2, x] = 0
}
.
By a theorem of Lazard (Theorem 6.1 below), we may identify L with a group S of
exponent p in such a way that
L3 = Z(S), L2 = [S,S] = Z2(S), and CS(L2) = L2.
Now |S/L2| = pn and |L2/Z(S)| = pd for d = (n2 − n)/2 > n. Therefore, S > SCL 
J (S) for these groups.
4. Minimal CL-subgroups
In this section, we prove some properties of minimal CL-subgroups. In particular, any
two have the same order (Corollary 4.6) and the same derived subgroup (Corollary 4.2),
which is thus a characteristic subgroup of S. In a situation that occurs in some pushing-up
problems, where S is a Sylow p-subgroup of a group G, this characteristic subgroup is
normal in G (Remark 4.9).
Theorem 4.1. Suppose Q is a CL-subgroup of S and R ∈ F1(S). Let Q∗ =
(Q∩R)Z(Q)CQ(R). Then
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(b) if R is a CL-subgroup of S, then Q∗ = (Q∩R)Z(Q),
(c) if Q and R are minimal CL-subgroups of S, then
Q = (Q∩R)Z(Q), Q′ = (Q∩R)′ = R′,
and
QR = (Q∩R)Z(Q)Z(R) = (Q∩R)CS(Q∩R).
Proof. Let
P = 〈Q,R〉, C = CS(Q∩R), and P ∗ = 〈Q∩R,C〉.
By Theorem 2.1 and Proposition 2.3,
Q∩R,C,P,P ∗,Q∩ P ∗ ∈F1(S), P = QR, P ∗ = (Q∩R)C,
and
C = CS(Q)CS(R) = Z(Q)CS(R). (4.1)
By (4.1),
Q∩ P ∗ = Q∩ (Q∩R)C = (Q∩R)(Q∩C)
= (Q∩R)(Q∩Z(Q)CS(R))= (Q∩R)(Z(Q)CQ(R))= Q∗.
Therefore, Q∗ = Q∩ P ∗ ∈F1(S). By Proposition 2.3,
CS
(
P ∗
)= CS(Q∩R)∩CS(C) = C ∩CS(CS(Q∩R))
= CS(Q∩R)∩ (Q∩R) = Z(Q∩R).
Hence, by Theorem 2.1,
CS
(
Q∗
)= CS(Q∩ P ∗)= CS(Q)CS(P ∗)= Z(Q)Z(Q∩R)Q∗.
By Proposition 2.4(c), Q∗ is a CL-subgroup of S, which gives (a).
Now assume R is a CL-subgroup of S. By Corollary 2.6, CS(R) = Z(R). Hence,
CQ(R) = Q∩Z(R)Q∩R, and (b) follows from (a).
Finally, assume Q and R are both minimal CL-subgroups of S. Clearly, Q contains Q∗.
By (a) and (b),
Q = Q∗ = (Q∩R)Z(Q).
By symmetry, R = (Q∩R)Z(R). These equalities and (4.1) yield (c). 
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is a characteristic subgroup of S.
Proof. This follows immediately from Theorem 4.1. 
Lemma 4.3. Suppose K,L S = KL and K = CS(L) and L = CS(K). Assume that K is
contained in some minimal CL-subgroup of S.
Then there is a bijection between
the set of all minimal CL-subgroups Q of S containing K
and
the set of all minimal CL-subgroups Q∗ of L,
given by Q∗ = Q∩L and Q = KQ∗. In this bijection, |Q| = |K/Z||Q∗| for Z = Z(S) =
Z(K) = Z(L).
Proof. Let Z = Z(S). Then
Z = CS(K)∩CS(L) = L∩K = CS(K)∩K = Z(K).
Similarly, Z = Z(L). Thus,
Z = K ∩L = Z(K) = Z(L). (4.2)
Therefore,
Z is contained in every CL-subgroup of S or of L. (4.3)
Let T¯ = T/Z for every subgroup T of S, including S itself. By (4.2), S¯ = K¯ × L¯.
Clearly, there is a bijection between the set of all subgroups T of S that contain K and the
set of all subgroups T ∗ of L that contain Z, given by
T¯ = K¯ × T¯ ∗ (so T = KT ∗ and T ∗ = T ∩L).
In this bijection, we have T ∗ ∩K = L∩K = Z, by (4.2), and
|T | = ∣∣KT ∗∣∣= |K|∣∣T ∗∣∣/∣∣K ∩ T ∗∣∣= |K/Z|∣∣T ∗∣∣, (4.4)
Z(T ) = CT
(
KT ∗
)= CT (K)∩CT (T ∗)= L∩ T ∩CT (T ∗)
= Z(T ∗). (4.5)
Therefore, |T ||Z(T )| = |K/Z||T ∗||Z(T ∗)|. Now it is clear that this bijection restricts to
the desired bijection for minimal CL-subgroups. 
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Then
(a) Q = T CQ(T ), and CQ(T ) is a minimal CL-subgroup of CS(T ), and
(b) for every minimal CL-subgroup Q∗ of CS(T ), the product TQ∗ is a minimal CL-
subgroup of S, and Q∗ = CTQ∗(T ) and |TQ∗| = |T/Z(T )||Q∗|.
Proof. Let C = CS(T ). By Theorem 2.1 and Proposition 2.3, T = CS(C) and F1(S)
contains C and T C. Since CS(T C)  CS(T ) = C  T C, Proposition 2.4(c) yields that
T C is a CL-subgroup of S.
Now, T C contains a minimal CL-subgroup Q0 of S, and Z(Q)  CS(T ) = C. By
Theorem 4.1,
Q = (Q∩Q0)Z(Q) T C.
Hence, Q = Q∩ T C = T (Q∩C) = T CQ(T ).
Now we see that the conclusion follows from Lemma 4.3 by replacing K , L, and S
by T , C, and T C, respectively. (Note that the CL-subgroups of T C are precisely the CL-
subgroups of S that are contained in T C.) 
Theorem 4.5. Suppose Q and R are minimal CL-subgroups of S. Let C = CS(Q ∩ R).
Then
(a) Q = (Q∩R)Z(Q) and Z(Q) = CQ(Q∩R), and Z(Q) ∈A (C);
(b) whenever Q∩R U  (Q∩R)C, then U is a minimal CL-subgroup of S if and only
if U ∩C ∈A (C); and
(c) |Q| = |R| and |Z(Q)| = |Z(R)|.
Proof. By Theorems 2.1 and 4.1, Q ∩ R ∈ F1(S) and Q = (Q ∩ R)Z(Q). Therefore,
Z(Q) = CQ(Q ∩ R). Let T = Q ∩ R. By Theorem 4.4, Z(Q) is a minimal CL-subgroup
of C. Therefore, for any abelian subgroup A of C,
|A|2 = |A|∣∣Z(A)∣∣ f (C) = ∣∣Z(Q)∣∣∣∣Z(Z(Q))∣∣= ∣∣Z(Q)∣∣2,
whence |A| |Z(Q)|. This shows that Z(Q) ∈A (C) and completes the proof of (a).
For any minimal CL-subgroup P of C, Theorem 4.1 yields P ′ = (Z(Q))′ = 1; then P
is abelian and the previous paragraph shows that P ∈ A (C). It follows that A (C) is the
set of all minimal CL-subgroups of C. Now Theorem 4.4 yields (b) and
|Q| = ∣∣T/Z(T )∣∣∣∣Z(Q)∣∣.
By the symmetry between Q and R, we have Z(R) ∈A (C). Therefore,
∣∣Z(Q)∣∣= ∣∣Z(R)∣∣
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|R| = ∣∣T/Z(T )∣∣∣∣Z(R)∣∣= ∣∣T/Z(T )∣∣∣∣Z(Q)∣∣= |Q|. 
Corollary 4.6. Suppose T is a CL-subgroup of S. Let
m = min{|Q| | Q is a CL-subgroup of S}.
Then the following conditions are equivalent:
(a) |T | = m,
(b) T is a minimal CL-subgroup of S,
(c) T is a minimal CL-subgroup of itself.
Proof. Let Q be a CL-subgroup of S of order m. Clearly, Q is a minimal CL-subgroup
of S. By Theorem 4.5, we see that (a) and (b) are equivalent. From the definition of a
CL-subgroup, (b) and (c) are equivalent. 
The following two results treat a situation that occurs in “pushing-up” p-subgroups in
finite groups. (See Remark 4.9.)
Theorem 4.7. Suppose T is a proper normal subgroup of S and Q is a minimal CL-
subgroup of S. Assume that:
(i) S/T is abelian,
(ii) Z(S) < Z(T ) and |Z(T )/Z(S)| = |S/T |,
(iii) for each x in Z(T ) \Z(S), CS(x) = T , and
(iv) Q is not contained in T .
Let Q∗ = (Q∩ T )Z(T ). Then
(a) S = QT = Z(Q)T and Q∩Z(T ) = Z(S),
(b) Q∗ is a minimal CL-subgroup of S, and
(c) Q′ = Q∗′ char T .
Proof. Note that Q ∩ T  Q and Z(T )  Z(Q∗). By (iii), Z(S)  T . Hence, Z(S) 
Q∩Z(T ). Let q = |S/T |. Then
|Q|/∣∣Q∗∣∣ |Q|/|Q∩ T | |S/T | = q. (4.6)
Assume first that Q∩Z(T ) > Z(S). By (iii),
Z(Q)∩Z(T ) = Z(S) and Z(Q)CQ
(
Q∩Z(T ))Q∩ T Q∗. (4.7)
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∣∣Z(Q∗)/Z(Q)∣∣ ∣∣Z(T )/(Z(T )∩Z(Q))∣∣= ∣∣Z(T )/Z(S)∣∣= q.
Consequently, by (4.6),
∣∣Q∗∣∣∣∣Z(Q∗)∣∣ (|Q|/q)(q∣∣Z(Q)∣∣)= |Q|∣∣Z(Q)∣∣= f (S).
Thus, Q∗ is a CL-subgroup of S and we have equalities above. In particular, |Q∗| =
|Q|/q < |Q|, contrary to Corollary 4.6. This contradiction shows that
Q∩Z(T ) = Z(S). (4.8)
By (4.8) and (ii),
∣∣Q∗/(Q∩ T )∣∣= ∣∣(Q∩ T )Z(T )/(Q∩ T )∣∣= ∣∣Z(T )/(Z(T )∩Q)∣∣
= ∣∣Z(T )/Z(S)∣∣= q = |S/T | ∣∣Q/(Q∩ T )∣∣.
Thus, |Q∗| |Q|. Likewise,
∣∣Z(Q∗)/(Z(Q)∩ T )∣∣ ∣∣Z(Q∗)/(Z(Q)∩Z(Q∗))∣∣ ∣∣Z(T )/(Z(Q)∩Z(T ))∣∣
= ∣∣Z(T )/Z(S)∣∣= q = |S/T | ∣∣Z(Q)/(Z(Q)∩ T )∣∣,
and |Z(Q∗)| |Z(Q)|. Again, we find that
∣∣Q∗∣∣∣∣Z(Q∗)∣∣ |Q|∣∣Z(Q)∣∣= f (S),
so that Q∗ is a CL-subgroup of S and all of our inequalities are equalities. In particular,
|S/T | = ∣∣Z(Q)/(Z(Q)∩ T )∣∣ and ∣∣Q∗∣∣= |Q|.
Now, by (4.8), Corollary 4.6, and Theorem 4.1(c), we obtain (a)–(c). 
Corollary 4.8. Suppose T is a proper normal subgroup of S. Assume that:
(i) S/T is abelian,
(ii) Z(S) < Z(T ) and |Z(T )/Z(S)| = |S/T |, and
(iii) for each x in Z(T ) \Z(S), CS(x) = T .
Let Q be a minimal CL-subgroup of S. Then
(a) Q′ is a characteristic subgroup of S and is a characteristic subgroup of T , and
(b) if some minimal CL-subgroup of S is not contained in T , then S = T CS(Q′).
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wise, Q′ char T by Theorem 4.7.
Now suppose some minimal CL-subgroup R of S is not contained in T . By Corol-
lary 4.2 and Theorem 4.7,
R′ = Q′ and S = RT = Z(R)T .
Hence, S = CS(R′)T = CS(Q′)T . 
Remark 4.9. In “pushing-up” problems, S is the Sylow p-subgroup of a finite group G, and
one investigates the structure of G by studying normalizers of nonidentity subgroups of S,
particularly characteristic subgroups [7, pp. 266–270]. In many situations, one reduces to
the following special case [5, condition (E), p. 413]:
S is a Sylow p-subgroup of a finite group G;
T is the largest normal p-subgroup of G;
CG(T ) T ;
S is contained in a unique maximal subgroup of G;
G/K ∼= PSL(2,pn) for some normal subgroup K of G
and some natural number n; and
Z(S) = Z(G) and CS
(
Z
(
J (S)
))
is not normal in G. (4.9)
Here, by Lemma 3.1 of [5] (for T = M), the hypothesis of Corollary 4.8 is satisfied and
Z(T ) = Ω1
(
Z(T )
)
Z(S). (4.10)
Thus, the characteristic subgroup Q′ of S (and T ) in Corollary 4.8 is normal in G.
We can say a little more. Let
m = max{∣∣Ω1(Z(Q))∣∣ | Q is a minimal CL-subgroup of S}
and consider the following condition on a subgroup Q of S:
Q is a minimal CL-subgroup of S and m = ∣∣Ω1(Z(Q))∣∣. (M)
For each subgroup Q of S let Φ(Q) be the Frattini subgroup of Q. Let
SM =
〈
Φ(Q) | Q satisfies (M)〉.
For each subgroup R of S, define RM similarly. By (4.10) and a few changes in the proof
of Theorem 4.7, one obtains in the situation of (4.9)
SM = TM G.
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normal in G unless SM = 1, in which case the minimal CL-subgroups of S coincide with
the large abelian subgroups of S (by Corollaries 4.2 and 4.6), and at least one of them is
elementary abelian. Moreover, in the latter case, Theorem 2.1 yields
AB = BA = CS(A∩B)
for all large abelian subgroups A, B of S, and (by Theorem 5.7 and Corollary 6.10 below)
some large abelian subgroup of S is normalized by J (S) and by every normal subgroup
of S of nilpotence class at most p − 1.
We plan to discuss this situation further in a later article.
5. A minimal CL-subgroup with large normalizer
Among the CL-subgroups, the minimal CL-subgroups are minimal with respect to in-
clusion by definition, and minimal with respect to order by Corollary 4.6. In this section,
we introduce yet another type of partial ordering to compare subgroups, and use it to ex-
hibit a minimal CL-subgroup of S that is normalized by J (S) and by all of the minimal
CL-subgroups of S. In the following section, we show that this subgroup is also normalized
by every normal subgroup of S of nilpotence class at most p − 1.
Definition 5.1. Suppose T is a subgroup of S and C is a central series
1 = T0  T1  · · · Tk = T
of T . We define a partial ordering ≺C on the set of all subgroups of T as follows: A ≺C B
if |A| = |B| and
(a) |A∩ Ti | |B ∩ Ti |, for i = 1,2, . . . , k; and
(b) |A∩ Ti | < |B ∩ Ti |, for some i, 1 i  k.
Definition 5.2. Let T be a subgroup of S and Q be a minimal CL-subgroup of T . Then Q
is an extremal CL-subgroup of T (ECL-subgroup of T ) if there exists a central series C of
T for which Z(Q) is a maximal element of the set
{
Z(R) | R is a minimal CL-subgroup of T }
under the partial ordering ≺C . In this case, we say that Q is extremal with respect to C .
Note that if an extremal CL-subgroup Q of S is contained in a subgroup T of S, then
Q is an extremal CL-subgroup of T . Moreover, every minimal CL-subgroup Q of S that
is normal in S is an extremal CL-subgroup of S, since one may take a central series of S
that contains Z(Q).
Now we need two important theorems:
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AB = BA.
Then (AB)′ is abelian.
Theorem 5.4. (Thompson [9, Lemma X.3.1, p. 19]) Suppose A is an abelian subgroup
of S, x ∈ S,
M = [x,A] = 〈x−1a−1xa | a ∈ A〉 and B = MCA(M).
Assume M is abelian.
Then
(a) |B ∩N | |A∩N | for every normal subgroup N of S;
(b) if 1 = S0  S1  · · · Sk = S is a central series of S and B = A, then
|B ∩ Si | > |A∩ Si | for some i.
Theorem 5.5. Suppose Q is a minimal CL-subgroup of S and x ∈ S. Assume that [x,Z(Q)]
is abelian.
Let
Z = Z(Q), M = [x,Z], Y = MCZ(M), and T =
(
Q∩Qx)Y.
Then
(a) T is a minimal CL-subgroup of S;
(b) Y = Z(T ) and T = CS(Y ); and
(c) if x does not normalize Q, then Z ≺C Y for every central series C of S.
Proof. Let R = Qx and C = CS(Q∩R). Then Zx = Z(R) and
Y = MCZ(M)
〈
x−1z−1xz,w | z,w ∈ Z〉

〈
Zx,Z
〉
 CS(Q∩R) = C. (5.1)
By hypothesis, M is abelian. Hence, Y is abelian. Since T = (Q∩R)Y and Y  C,
Y  Z(T ) T ∩C.
Therefore, T ∩C centralizes Y and Q∩R, and hence T . So
Y  Z(T ) = T ∩C. (5.2)
By Theorem 5.4,
|Y ∩N | |Z ∩N |, for every normal subgroup N of S, (5.3)
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if Y = Z, then for every central series C of S,
|Y ∩U | > |Z ∩U | for some U in C . (5.4)
By Theorem 4.5, Z lies in A (C). By (5.3) (with N = S) and (5.2),
|Z| |Y | and Y Z(T ) = T ∩C  C.
Therefore,
|Y | = |Z|, Y lies in A (C), and Y = Z(T ) = T ∩C. (5.5)
By Theorem 4.5(b), T is a minimal CL-subgroup of S. By Proposition 2.3,
T = CS
(
CS(T )
)= CS(Z(T ))= CS(Y ).
This proves (a) and (b).
Suppose x does not normalize Q. Since Q = CS(Z), it follows that x does not normal-
ize Z. Then Zx is not contained in Z, whence M and Y are not contained in Z. Therefore,
by (5.5), (5.3), and (5.4),
Z ≺C Y for every central series C of S.
This gives (c). 
Theorem 5.5 yields an immediate corollary:
Corollary 5.6. Suppose Q is an extremal CL-subgroup of S. Assume x ∈ S and [x,Z(Q)]
is abelian. Then x normalizes Q.
Theorem 5.7. Suppose Q is an extremal CL-subgroup of S. Then
(a) if B is an abelian subgroup of S and BZ(Q) (or Z(Q)B) is a subgroup of S, then B
normalizes Q; and
(b) Q is normalized by J (S) and by every minimal CL-subgroup of S.
Proof. Let Z = Z(Q).
(a) Here, it is well known that BZ = ZB . Therefore, [B,Z] is abelian, by Theorem 5.3.
Hence, [x,Z] is abelian for every x in B . Apply Corollary 5.6.
(b) First, take any element A of A (S). By Theorem 3.1,
CQA(Q∩A) = ZA.
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J (S) normalizes Q.
Next, take any minimal CL-subgroup R of S. Let Y = Z(R). By Theorem 2.1 and
Proposition 2.4(c),
CS(Q∩R) = CS(Q)CS(R) = ZY.
By (a), Y normalizes Q. Therefore, by Theorem 4.1(c),
R = (Q∩R)Y NS(Q),
and R normalizes Q. 
Theorem 5.7 shows that an extremal CL-subgroup Q of S is normalized by every normal
abelian subgroup of S. Our next main result (in Section 6) shows that Q is normalized by
every normal subgroup of S of nilpotence class at most p − 1. In the remainder of this
section, we prove several preliminary results toward this goal.
Lemma 5.8. Suppose A is an abelian subgroup of S and
T  S, x ∈ NS(T ), and A T .
Assume that [A,x;p] = 1 and
[[A,x; i], [A,x; j ]]= 1, for all natural numbers i, j such that i + j  p.
Then
(a) if p = 2, then 〈xA〉 (= 〈xy | y ∈ A〉) is abelian; and
(b) if p is odd, then the nilpotence class of
〈
Ax
i | all integers i〉
is at most p − 1.
Proof. (a) Here, we need not assume S is a 2-group. Let S∗ = 〈A,x〉 and U = 〈xA〉. Then
U  〈A,x〉 = S∗ and (by hypothesis) [A,x, x] = 1.
Therefore, for each g in A,
x centralizes g−1x−1gx and hence centralizes
(
x−1
)g
and xg.
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Z(U) S∗ and U = 〈xA〉 Z(U),
i.e., U is abelian.
(b) This follows from Lemma 5.2 of [1]. 
Lemma 5.9. Suppose Q is an extremal CL-subgroup of S and x ∈ S. Let Z = Z(Q).
Assume that
(i) [Z,x;p] = 1 and
(ii) [[Z,x; i], [Z,x; j ]] = 1, for all natural numbers i, j such that i + j  p.
Let
I =
⋂{
Qx
i | all integers i} and C = CS(I).
Then
(a) Zxi C for every integer i, and C =∏i integer Zxi ;
(b) if p is odd, then C has nilpotence class at most p − 1; and
(c) there is a bijection φ from the set of all minimal CL-subgroups of S that contain I onto
the set of all minimal CL-subgroups of C, given by
φ(R) = R∗ = R ∩C = CR(I), φ−1
(
R∗
)= R = IR∗, and Z(R) = Z(R∗).
Moreover,
(d) take a central series C of S for which Q is extremal with respect to C . Let
D = {T ∩C | T ∈ C }.
Then D is a central series of C, and CQ(I) is extremal with respect to D .
Proof. (a) For each integer i, Qxi is an extremal CL-subgroup of S, and hence lies in
F1(S) and satisfies
CS
(
Qx
i )= Z(Qxi )= Zxi . (5.6)
By Theorem 5.7(b),
Qx
i
normalizes Qx
j
for all integers i, j. (5.7)
By Theorem 2.1 and (5.6) and induction, for every positive integer k,
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CS
(
Q∩Qx ∩ · · · ∩Qxk )= ZZx · · ·Zxk .
By (5.7), Zxi normalizes Zxj for all integers i, j . Therefore, I lies in F1(S) and we
obtain (a).
(b) Use (a) and Lemma 5.8.
(c) We use Theorem 4.4. Let φ(R) = R ∩C = CR(I) for each minimal CL-subgroup R
of S that contains I . By part (a) of Theorem 4.4, CR(I) is a minimal CL-subgroup of C and
R = ICR(I). (This shows that φ(R1) = φ(R2) for R1 = R2.) By part (b) of Theorem 4.4,
every minimal CL-subgroup of C arises in this way. Thus, φ is a bijection as stated.
For each minimal CL-subgroup R∗ of C, we have CC(R∗) = Z(R∗). Therefore,
Z
(
R∗
)= IR∗ ∩CC(R∗)= IR∗ ∩CS(I)∩CS(R∗)= Z(IR∗),
as desired.
(d) Clearly, D is a central series of C. Moreover, suppose R∗ is a CL-subgroup of C. Let
R = IR∗. By (c), R is a minimal CL-subgroup of S and CQ(I) is a minimal CL-subgroup
of C, and
Z(Q) = Z(CQ(I)) C and Z(R) = Z(R∗) C. (5.8)
Now suppose CQ(I) ≺D R∗. By (5.8) and the definition of ≺D ,
∣∣Z(Q)∩N ∣∣= ∣∣Z(CQ(I))∩C ∩N ∣∣ ∣∣Z(R∗)∩C ∩N ∣∣= ∣∣Z(R)∩N ∣∣
for all N in C , and similarly
∣∣Z(Q)∩N ∣∣< ∣∣Z(R)∩N ∣∣ for some N in C .
Therefore, Q ≺C R. But Q is an extremal CL-subgroup of S with respect to C , a contra-
diction. 
6. A minimal CL-subgroup with large normalizer (concluded)
Suppose Q is an extremal CL-subgroup of S. In the previous section, we showed that Q
is normalized by J (S) and by every minimal CL-subgroup of S. In this section, we show
that Q is normalized by every normal subgroup of S of nilpotence class at most p − 1.
To do this, we need to quote a powerful theorem of Lazard and some applications taken
from [4].
Theorem 6.1. ([12, Théorème II.4.6, pp. 179–180], [10, pp. 121–124]) Suppose T is a
p-group of nilpotence class at most p − 1. Then, by means of an inversion of the Baker–
Campbell–Hausdorff formula, T may be regarded as a Lie ring. For these structures, the
notions of subgroup (respectively normal subgroup) and of subring (respectively ideal)
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automorphism.
Moreover, let x, y ∈ T . Then xy = yx (in the group) if and only if [x, y] = 0 (in the Lie
ring), and in this case xy (in the group) is equal to x + y (in the Lie ring). In particular,
for any integer n, xn (in the group) is equal to nx (in the Lie ring).
Note. As usual, an ideal U of a Lie ring T is an additive subgroup of T such that
[U,T ]U.
Hypothesis 6.2.
(i) e is a positive integer and R is the ring Z/peZ,
(ii) L is a finite R-module,
(iii) α is an automorphism of L,
(iv) λ is the endomorphism α − 1 of L (i.e., λ(x) = α(x)− x for every x in L),
(v) λp = 0.
Note that an R-module L is just an additive group for which peL = 0. Thus, an R-
submodule M of L is just a subgroup of L and, for pc = |M|, the composition length of M
as an R-module is c. Likewise, every endomorphism of L is an R-module endomorphism
of L.
Similarly, in Theorem 6.1, T may be regarded as a Lie algebra over Z/peZ for every
power pe of p such that xpe = 1 for all x in T (regarded as a group).
Hypothesis 6.2 is a special case of Hypothesis 2.1 of [4] (in which the misprint “q  n”
should be corrected to “q < n”; here we take n = p). It is followed in [4] by the definition
of a mapping that takes each subgroup M of L to a subgroup M∗ of L. By Theorem 2.3,
Corollary 2.4, and Theorem 2.5 of [4], this mapping has the following properties:
Theorem 6.3. Assume Hypothesis 6.2 and the notation above. Let M be a subgroup of L.
Then the subgroup M∗ of L has the following properties:
(a) M∗ is invariant under α;
(b) if M is invariant under α, then M∗ = M ;
(c) |M∗| = |M|;
(d) for every subgroup N of M , one has N∗ M∗;
(e) for every α-invariant subgroup X of L,
(M ∩X)∗ M∗ ∩X and |M ∩X| ∣∣M∗ ∩X∣∣;
and
(f) if
0 = L0  L1  · · · Lm = L
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λ(Li) Li−1 for i = 1,2, . . . ,m,
then
M∗ ∩Li >M ∩Li
for some i, 1 i m, unless M is invariant under α.
Theorem 6.4. In the notation of Theorem 6.3, assume that L is a Lie algebra over R, α is
an automorphism of L, M is a subalgebra of L, and N is an ideal of M . Assume also that,
for all x, y ∈ M ,
[
λi(x), λj (y)
]= 0
whenever i and j are natural numbers with i + j  n. Then:
(a) M∗ is a subalgebra of L;
(b) [M∗,N∗] [M,N ]∗;
(c) (Z(M))∗  Z(M∗);
(d) if k is a natural number and M is nilpotent of class at most k, then so is M∗; and
(e) if b ∈ R and Mb = 0, then M∗b = 0.
Now we apply our results on Lie algebras to finite p-groups. In the following results,
certain groups H are considered both as groups and as Lie algebras. Where there seems to
be a possibility of confusion, we write HG to denote H considered as a group, and HL to
denote H considered as a Lie algebra.
Lemma 6.5. Suppose S is a finite p-group, Q and R are subgroups of S, and g ∈ S.
Assume that R has nilpotence class at most p − 1 and Q R, and g normalizes R. Let α
be the automorphism of R given by conjugation by g in the group S, i.e.,
α(x) = g−1xg.
We also regard R as a Lie ring RL and α as an automorphism (and as an endomor-
phism) of RL. Then
(a) [QG,g] is normalized by QG, and
(b) for each positive integer i,
(α − 1)iQL is contained in [QG,g; i].
Proof. Part (a), and part (b) for the case i = 1, are proved for a special case in Lemma 4.4
of [1]. We give extensions of these proofs.
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[xy,g] = y−1x−1xgyg = y−1x−1xgyy−1yg = [x,g]y[y,g],
so
[x,g]y = [xy,g][y,g]−1 ∈ [QG,g].
(b) Assume first that i = 1. We start by considering R as a group. Take x in Q and let
z = x−1xg, T = 〈x, z〉, and T0 = T ∩ [QG,g].
Then z lies in T0 and by (a),
T0  T = 〈T0, x〉, α(x) = g−1xg = xg = xz.
Thus, T/T0 is cyclic and hence abelian.
Now we consider R as a Lie ring. By Theorem 6.1, T0 is an ideal in the Lie ring T , and,
modulo T0, we have (since T/T0 is an abelian group)
α(x) ≡ x + z ≡ x, (α − 1)x ≡ α(x)− x ≡ 0.
So (α − 1)x lies in [QG,g], as desired.
Now suppose k  1 and (b) is valid whenever i  k. Let P = [QG,g; k]. Then
(α − 1)kQL ⊆ P.
Since (b) is valid for i = 1,
(α − 1)k+1QL = (α − 1)
(
(α − 1)kQL
)⊆ (α − 1)PL ⊆ [PL,g] = [QL,g; k + 1].
This completes the proof of (b) by induction. 
Remark 6.6. The containment in Lemma 6.5 can be a proper containment if p is odd. To
see this, consider the following example.
Let M be a 6-dimensional Lie algebra over the prime field Fp with basis
vi,wjk for 1 i  3, 1 j < k  3,
and multiplication determined by letting w12, w13, w23 lie in the center of M and
[vi, vj ] = wij for 1 i < j  3.
(It is easy to see that M exists.)
Let α be a linear transformation of M over Fp for which
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wα12 = w12 +w13 +w23, wα13 = w13 +w23, wα23 = w23.
Clearly, α is an automorphism of L and
(α − 1)3(M) = 0. (6.1)
Now, M is a nilpotent Lie algebra of class two. Since p > 2, the Baker–Campbell–
Hausdorff formula makes M into a finite p-group of order p6 which, in turn, becomes the
original Lie algebra M by Lazard’s Theorem [10, Example 10.24]. Then α is an automor-
phism of the group MG. Assume S is the semi-direct product of groups MG  〈α〉.
Since vα1 − v1 = v2 and vα2 − v2 = v3, the group commutator [MG,α] satisfies
[MG,α]Z(MG) =
〈
v2, v3,Z(MG)
〉
.
Since [MG,α] is normal in MG by Lemma 6.5,
[MG,α] [MG,α,MG] =
[[MG,α]Z(MG),MG] [v2, v3,MG] = 〈w12,w13,w23〉.
Therefore,
[MG,α;3]
[〈w12,w13,w23〉, α,α]= [〈w13,w23〉, α]= 〈w23〉 > 1,
although (α − 1)3(ML) = 0 by (6.1).
Now we state our basic assumption for applications of Theorems 6.3 and 6.4 to p-
groups.
Hypothesis 6.7.
(i) S is a finite p-group,
(ii) Q is a subgroup of S of nilpotence class at most p − 1,
(iii) g is an element of S that normalizes Q,
(iv) α is the automorphism of Q induced by conjugation by g,
(v) for Q considered as a Lie ring,
(α − 1)p(Q) = 0 and[
(α − 1)i(Q), (α − 1)j (Q)]= 0 for all natural numbers i, j such that i + j  p.
Theorem 6.8. Assume Hypothesis 6.7. Then there exists a mapping that takes each sub-
group T of Q to a subgroup T ∗ of Q and that satisfies the following conditions for each
subgroup T of Q:
(i) T ∗ is normalized by g;
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(iii) |T ∗| = |T |;
(iv) for every subgroup U of T , one has U∗  T ∗;
(v) for every subgroup W of Q normalized by g,
(T ∩W)∗  T ∗ ∩W and |T ∩W | ∣∣T ∗ ∩W ∣∣;
(vi) if
1 = Q0 Q1  · · ·Qm = Q
is an ascending series of subgroups of Q normalized by g and [Qi,g] Qi−1 for
i = 1,2, . . . ,m, then
T ∗ ∩Qi > T ∩Qi
for some i, 1 i m, unless T is normalized by g;
(vii) [T ∗,U∗] [T ,U ]∗ for every normal subgroup U of T ;
(viii) (Z(T ))∗  Z(T ∗);
(ix) the nilpotence class of T ∗ is at most equal to the nilpotence class of T ; and
(x) the exponent of T ∗ is at most equal to the exponent of T .
Proof. Clearly, we may assume that Q> 1. Let pe be the exponent of Q, i.e., the smallest
positive integer k such that xk = 1 for all x in Q. Let α be the automorphism induced on
Q by conjugation by g.
By Lazard’s Theorem (Theorem 6.1), we may regard Q as a Lie ring. We wish to apply
Theorems 6.3 and 6.4. So we first check the conditions for Hypothesis 6.2.
Let λ = α − 1 (for α regarded as an additive endomorphism of Q). Then Lazard’s
Theorem gives us all of Hypothesis 6.2 for R = Z/peZ and L = Q, except (v). In partic-
ular, Q may be regarded as a Lie algebra over R. Since λp(Q) = 0 by Hypothesis 6.7(v),
λp = 0, as required by (v), and we obtain Hypothesis 6.2.
By Hypothesis 6.7(v),
[
λi(x), λj (y)
]= 0 for all natural numbers i, j such that i + j  p. (6.2)
By Lazard’s Theorem, a subset T of Q is a subgroup of QG if and only if it is a Lie
subalgebra of QL, and thus an additive subgroup of QL. In this case, the additive subgroup
T ∗ of QL is also a Lie subalgebra of QL by (6.2) and Theorem 6.4 (with M = T ); hence, it
is also a subgroup of QG by Lazard’s Theorem again. Now the conditions of Theorems 6.3
and 6.4 translate to the conditions of this theorem. 
Now we come to our main result.
Theorem 6.9. Suppose Q is an extremal CL-subgroup of S, x ∈ S,
[
Z(Q),x;p]= 1,
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[[
Z(Q),x; i], [Z(Q),x; j]]= 1, for all natural numbers i, j such that i + j  p.
Then x normalizes Q.
Proof. Let Z = Z(Q). As in Lemma 5.9, let
I =
⋂{
Qx
i | all integers i} and C = CS(I).
Note that x normalizes I and C. Let R = CQ(I) = Q∩C. By Lemma 5.9,
R is a minimal CL-subgroup of C and Z(R) = Z. (6.3)
Assume first that p = 2 or S = 1. Then 〈xZ〉 is abelian by Lemma 5.8. Since Z normal-
izes 〈xZ〉, Theorem 5.7 shows that Z is normalized by 〈xZ〉, hence by x, as desired.
For the rest of the proof, assume that p is odd and S > 1. Let pe be the exponent of S.
We use ideas from the proof of Theorem 4.5 of [1].
By Lemmas 5.8 and 5.9, the nilpotence class of C is at most p − 1 and
Zx
i C for every integer i and C = ∏
i integer
Zx
i
. (6.4)
Let α be the automorphism of Q induced by conjugation by g. Then αi(Z) = Zxi for every
integer i. By (6.4) and Lazard’s Theorem, we may regard C as a Lie algebra over Z/peZ,
and αi(Z) as an ideal of C for every integer i.
Let
D =
∑
i integer
αi(Z).
Since xpe = 1, we have αpe = 1. A short argument by induction shows that
∑
0ipe−1
(α − 1)i(Z) =
∑
0ipe−1
αi(Z) = D. (6.5)
Since each αi(Z) is an ideal of C, the subset D is an additive subgroup of the Lie algebra
C and [D,C] D. Therefore, D is an ideal of C and hence a subgroup of the group C.
Since D contains αi(Z) (= Zxi ) for each i, (6.4) shows that D = C.
By Lemma 6.5 and the hypothesis,
(α − 1)p(Z) = 0 = [(α − 1)i(Z), (α − 1)j (Z)]
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C = D =
∑
0ip−1
(α − 1)i(Z).
Hence,
(α − 1)p(C) = 0 = [(α − 1)i(C), (α − 1)j (C)], for all i, j as above.
Thus, Hypothesis 6.7 is satisfied for g = x and C in place of Q.
Now we have a mapping as in Theorem 6.8 that takes each subgroup T of C to a sub-
group T ∗ of C and satisfies conditions (i)–(x) of the theorem. In particular, since Z(R) = Z
(by (6.3)),
∣∣R∗∣∣= |R|, ∣∣Z∗∣∣= |Z|, and Z∗ = (Z(R))∗ Z(R∗).
Since R is a CL-subgroup of C (by (6.3)),
|R||Z| = |R|∣∣Z(R)∣∣ ∣∣R∗∣∣∣∣Z(R∗)∣∣ ∣∣R∗∣∣∣∣Z∗∣∣= |R||Z|.
Therefore, we have equality everywhere, and R∗ is a CL-subgroup of C for which
Z(R∗) = Z∗.
Now we take central series C and D of S and C, respectively, as in Lemma 5.9. Since
x normalizes C, C is a central series of S, and
D = {N ∩C | N ∈ C },
it follows that D satisfies the hypothesis of part (vi) of Theorem 6.8 (with g = x). There-
fore, by (v) and (vi) of Theorem 6.8, we have
|Z ∩W | ∣∣Z∗ ∩W ∣∣ for every W in D,
and, if Z is not normalized by x, then
|Z ∩W | < ∣∣Z∗ ∩W ∣∣ for some W in D .
This means that R ≺D R∗ if Z is not normalized by x. But R is extremal with respect to
D by Lemma 5.9. Hence, x normalizes Z. 
Corollary 6.10. Suppose Q is an extremal CL-subgroup of S and B is a subgroup of S
normalized by Z(Q). Assume that B has nilpotence class at most p − 1.
Then B normalizes Q.
Proof. Each element x of B satisfies the hypothesis of Theorem 6.9. 
Note that Corollary 6.10 generalizes part of Theorem 5.7, which states that Q is nor-
malized by every abelian subgroup of S normalized by Z(Q).
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